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RESEARCH ARTICLE

Chemical stability and thermodynamics of new Zr2-based heusler alloys

Saleem Yousuf1∗ Dinesh C. Gupta1

Abstract: We present the spin polarized calculations on the new Zr2NiX (X = Al, Ga) alloys. Band
structure analysis present them as half-metallic compounds with integral spin magnetic moment of 3 B following
the general Slater-Pauling rule. Thermal effects on some macroscopic properties using quasi-harmonic Debye
model which considers the phononic effects, the effects of pressure and temperature are taken into account. The
variations of the thermal expansion coefficient, Debye temperature, Gruneisen parameter γ and heat capacity
for the compounds have been investigated for the first time. These thermodynamic properties may prove as a
reference for their synthesis.

Keywords: density functional theory, transition-metal compounds, thermodynamics

1 Introduction

The history of the Heusler alloys began in 1903.
Friedrich Heusler discovered Cu2MnAl to be ferromag-
netic, although its elements are all non-ferromagnetic.[1]

The search initiated for other Heusler alloys with similar
unit cells, only after when in 1929, scientists understood
the microstructure completely. The theoretical predic-
tion of 100% spin polarization of some Heusler alloys[2]

especially Co2MnSi[3] makes them interesting for spin-
electronic applications as an alternative for conventional
3d Ferro-magnets, such as Fe, Co or Ni and their alloys,
exhibiting only 51% spin polarization at low tempera-
tures.[4] The two Co sub-lattices are positioned at (0, 0,
0) and (1/2, 1/2, 1/2), where the Mn sub-lattice is at (1/4,
1/4, 1/4) and the Sb sub-lattice at (3/4, 3/4, 3/4) in the
unit cell. Thus, eight cobalt atoms surround silicon and
manganese atoms. Each cobalt atom has four silicon and
four manganese atoms as next neighbors.

In present scenario efforts are focussed on the search
of the new materials mainly focussed to use for spin tech-
nology to fulfil the basic demands of present technolog-
ical era such as the powerful new generation of comput-
ing devices, shape memory devices etc.[5–7] Spintronics
and magneto electronics which are the backbone in these
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fields desire for the search of novel material which possi-
bly will revolutionise these fields.[8, 9] The advancement
in spintronic devices have proven from the efficient and
desirable 100% spin-polarized currents obtained at the
Fermi level. These properties are proven by the eminent
materials like half metallic materials that have electrons
of unique spin polarization, around the Fermi level.[10–14]

They are proving to be the promising candidate for use
as spin injectors.[15]

The Zirconium based Heusler alloys have rarely been
studied so far and hence, the present study is aimed to
investigate the electronic structure, magnetism and trans-
port properties of Zr2NiX Heusler compounds. The less
toxic nature of zirconium has attracted the search of
novel spintronic materials with unusual properties at the
room temperature.

2 Computational methods

The calculations were carried out using the First-
principles full-potential linearized augmented plane
wave method (FP-LAPW).[16] The generalised gradi-
ent approximation (GGA)[17] is taken for the exchange-
correlation potential. Inside the non-overlapping spheres
of muffin-tin radius (RMT ), the linear combination of ra-
dial solution of the Schrdinger equation times the spher-
ical harmonics is used, whereas the plane basis set is
chosen in the interstitial region. The muffin tin radii for
Zr, Ni were set to 2.3 a.u. and 2.35 a.u., respectively
while as 1.8 a.u and 1.9 a.u for Al and Ga, respectively.
RMT is chosen in such a way that there is no charge
leakage from the core and the total energy convergence
is ensured. Further, for the energy Eigen-value conver-
gence, the wave function in the interstitial region is ex-
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panded in terms of plane waves with a cut-off parameter
KMAXRMT = 9.00. The maximum value of the angu-
lar momentum lMAX =10 is taken for the wave function
expansion inside the atomic spheres. In the interstitial re-
gion the charge density and the potential were expanded
as a Fourier series with the wave vector up to GMAX

=12 a.u−1. The k−integration mesh was set to a size
of (17×17×17) during the self-consistent cycles and a
doubled k- mesh for calculation of the density of states.
The self-consistent calculations are considered to con-
verge only when the calculated total energy of the crystal
converges to less than 10−4 Ry.

In order to study thermal effects, quasi-harmonic De-
bye model. The model is sufficiently flexible in giving
all thermo-dynamical quantities by incorporating the ob-
tained results of energy and volume. In this model, non-
equilibrium Gibbs function G*(V; P, T) is defined as fol-
lows

G∗(V ;P, T ) = E(V ) + PV +Avib(θ(V ), T ) (1)

where E(V) represents the total energy/formula unit, PV
is the constant hydrostatic pressure condition, θ(V), is
the Debye temperature and Avib is the lattice vibration
expressed as

Avib(θ, T ) = nkBT

[
9θ

8T
+ 3ln(1− e

θ
T )−D(θ/T )

]
(2)

where n represents the number of atoms/formula unit,
D(θ/T) reperesents the Debye integral, where for the
anisotropic solid, θ is expressed by the following expres-
sion:

θ =
h

k

[
6π2V 1/2n

]1/3
f(ν)

√
Bs
M

(3)

here M is the molecular mass, and Bs the adiabatic bulk
modulus, and f(ν) is defined as

f(ν) =

3

[
2

(
21 + σ

31− 2σ

)3/2

+

(
11 + σ

31− σ

)3/2
]−1


1/3

(4)
And σ is the Poisson ratio in the above relation. In or-
der to get minimized value of the non-equilibrium Gibb’s
function with respect to volume at constant pressure and
temperature mathematically is obtained as(

∂G∗(V ;P, T )

∂V

)
P,T

= 0 (5)

After solving above equation, one can obtain a relation
for V(P,T), i.e., thermal equation of state (EOS). Using
Eq. (5) for different thermal properties, i.e., isothermal
bulk modulus (BT ), specific heat capacity values at con-

stant volume (CV ) and at constant pressure (CP ) and
thermal expansion coefficient can be evaluated using the
following formulas:

BT (P, T ) = V

(
∂2G∗(V ;P, T )

∂V 2

)
(6)

CV = 3nkB

[
4D (θ/T )− 3θ/T

eθ/T − 1

]
(7)

CP = CV (1 + αγT ) (8)

α =
γCV
BTV

(9)

Where γ is the Gruneisen parameter and is calculated
from the following expression:

γ = −dlnθ(V )

dlnV
(10)

3 Results and discussion

3.1 Structural properties and chemical sta-
bility

Highly magnetic materials mainly having either the
L21 and or C1b[18] crystallographic phases have been
of interest for both theorists and experimentalists since
their discovery. The interest is mainly focused due to
their strong ferromagnetic character, subsequently their
usage as the testing grounds for the development of new
magnetic systems. These novel class families share si-
multaneously the property of an energy gap between va-
lence and conduction bands for electrons of one spin po-
larization and the property of continuous band for other
spin polarization. This asymmetric character reflects the
character of L21 structure itself. In general, experimen-
tal preparation and interpretation of true half-metallic
compounds are still scarce, therefore from the begin-
ning, structural optimization is needed to estimate the
magnetically and structurally stable phase by means of
the total energy minimization. In the present series of
new Zr2NiX (Z=Al, Ga) alloys we have investigated the
stable ground state phase among the structures possi-
ble. Mostly the zirconium based Heusler alloys crys-
tallize in the cubic ordered Full-Heusler (L21) structure
of Hg2CuTi-type, with space group F-43m at ambient
conditions. For the present compounds, Hg2CuTi (space
group 216) is found to be the stable ground state as
shown in Figure 1.

Firstly, in order to assure their chemical stability and
existence, we have calculated the formation energy of
these alloys defined by the following equation:

Ef = EZr2NiZ − 2EZr − ENi − EZ (11)

Materials Engineering Research c© 2018 by Syncsci Publishing. All rights reserved.
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Figure 1. Calculated total energy as a function of unit cell
volume of Zr2NiAl and Zr2NiGa in Hg2CuTi-type structures with
F4-3m space group

where EZr2NiZ are the calculated equilibrium total en-
ergies of alloys per formula unit, EZr, ENi and EZ
are the chemical potential of these atoms in their stable
bulk phases. Results showed that the Eformation of the
Zr2NiZ (Z= Al, Ga) alloys are −2.33 eV, −2.63 eV, re-
spectively. The calculated formation energy turns out to
be negative and comparable for the same kind of com-
pounds.[19] Negative formation energy indicates that the
alloys are thermodynamically stable. In addition, we also
calculate the cohesive energy to evaluate the strength of
bonding of studied alloys. The cohesive energy is ob-
tained from the following relation:[20]

Ecoh = 2EZr
atom + ENi

atom + EZ
atom + EZr2NiZ

total (12)

where EZr2NiZtotal is the total energies of alloys at equilib-
rium per formula unit, and EZratom, ENiatom, EZatom are the
total energies of the pure atomic components. It is ev-
ident that the cohesive energy is the energy required to
break the crystal into isolated atoms, which is not only
an indicator of the bonds strength but also an indicator
of the mobility of atoms in crystal. In Figure 2, we show
the cohesive energy of alloys, it is observed that Zr2NiAl

has the strongest bonding in comparison to the Zr2NiGa
due to its larger cohesive energy, implying that it is diffi-
cult to deform in comparison to the latter.

Figure 2. The calculated cohesive energy is presented for
Zr2NiZ alloys with respect to atomic no. (Z)

3.2 Magnetic Properties

Magnetic materials are now-a-days regarded as the
potential candidates for spintronics. Mostly in case of
Heusler alloys, the Y sites contributes greater to the to-
tal magnetic moment in comparison to the atoms at X
site. In case of Heusler alloys the total magnetic moment
is characterized by their total valence electron count de-
fined through the Slater-Pauling rule. Here in our group
of compounds the total valence electron count is 21.
They satisfy the ZT -18 rule,[21, 22] according to which
they present a magnetic moment of 3µB per unit cell.
The total magnetic moment with contributions from var-
ious components is given in Table 1. The magnetic align-
ment is ferromagnetic with maximum contribution from
Zr atoms per unit cell in both compounds. Further it
is the different occupation of the d-bands for the major-
ity and minority spins that leads to the magnetization in
these compounds.

Table 1. The total and atomic magnetic moments of Zr2NiAl
and Zr2NiGa Compounds where MInt (µB): magnetic moment in
the interstitial region and Mtot (µ B) is total magnetic moment.

Compound MZr(a) MZr(b) MNi M(Z=Al,Ga) MInt. Mtot 

Zr2NiAl 1.02 0.98 0.61 0.15 0.11 2.87 

Zr2NiGa 1.06 0.81 0.58 0.21 0.20 2.86 

3.3 Thermodynamic properties

In order to calculate the pressure and tempera-
ture dependence of the thermodynamic properties, we

Materials Engineering Research c© 2018 by Syncsci Publishing. All rights reserved.
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used quasi-harmonic (QH) approximation.[23, 24] Spe-
cialty is that the values of thermodynamic parameters
are computed at the level of the quasi-harmonic De-
bye model[25, 26] approach for full-Heusler Zr2NiAl and
Zr2NiGa alloys. Several properties are calculated which
include the specific heats at constant volume (CV ) and
constant pressure (CP ), Debye temperature (θ D), ther-
mal expansion coefficient (α), and Gruneisen parame-
ter (γ) in temperature range of 0 K to 800 K in steps of
100 K and at pressure ranging from 0 GPa to 70 GPa
(Zr2NiAl) and 0 GPa to 30 GPa (Zr2NiGa) in steps of 5
GPa.

The graphical variations of various properties are
shown in Figure 3, 4 (a, b), our calculated results for
CV and CP each as a function of temperature are illus-
trated for Zr2NiAl and Zr2NiGa respectively. The impor-
tant thermodynamic property viz, specific heat capacity
is strictly related to the temperature dependence of ul-
timate thermodynamic functions, and it is utmost cen-
tral constraint for associating thermodynamics with dy-
namics and microscopic structure. From the graphical
variation, we can see that when the temperature is be-
low 650 K, CV and CP variations are very close together
demonstrating strong dependence on temperature owing
to the anharmonic approximation used in this scheme
of calculations. Further, we can also argue that at high
temperatures, CV approaches to a constant value of (97
Jmol−1K−1), obeying Dulong and Petit’s rule, which is
followed by all solids at high temperatures, owing to the
suppression of the anharmonic effect.[27] The concluding
statement which is quite interesting is that the specific
heat capacity at constant pressure CP increases mono-
tonically with the increase of temperature.

Table 2. Calculated values of Debye temperature θ(K) and
Gruneisen parameter (γ) of Zr2NiAl and Zr2NIGa at various pres-
sures and temperatures

0 25 50 70
q 598.24 700.00 779.80 834.09
g 1.82 1.63 1.52 1.46
q 592.84 696.38 776.83 831.51
g 1.83 1.63 1.52 1.46
q 587.98 692.96 774.09 829.09
g 1.85 1.64 1.52 1.46
q 571.82 613.38 651.50 685.77
g 1.91 1.83 1.78 1.74
q 567.48 610.13 648.15 684.69
g 1.92 1.84 1.78 1.74
q 563.53 606.70 645.05 679.83
g 1.92 1.85 1.79 1.74

Zr2NiGa

250

500

700

Compound T (K)
Paramete

r
P (GPa)

Zr2NiAl

300

600

800

The thermodynamic properties with other physical
properties of solids are closely related to the Debye tem-

perature (θD) and Gruneisen parameter (γ). The varia-
tions of both the properties are respectively shown in Fig-
ure 3, 4 (c, d) with their numerical variation enlisted in
Table 2. From the analysis of the properties, we can see
that Debye temperature increases with increasing pres-
sure whereas the Gruneisen parameter decreases when
the temperature is kept constant. Here the concluding
statement is that, at constant pressure, the Debye tem-
perature decreases and the Gruneisen parameter increase
as the temperature increases.

The mathematical formula reflecting the variation of
volume thermal expansion coefficient (α) with volume
at constant pressure is given as:

α =
1

V

(
∂V

∂T

)
P

(13)

The variation of parameter is shown in Figure 3, 4 (e)
with temperature at different pressures for the two com-
pounds. The variation shows that the thermal expan-
sion increases sharply with temperature up to 300 K af-
ter then slowly for temperature higher than 300 K, and
gradually turns into a linear increase. Furthermore, we
can also see that, at a fixed temperature, higher the pres-
sure, smaller the thermal expansion coefficient, indicat-
ing that high pressure suppresses thermal expansion. At
zero pressure and 300 K, the values of the thermal ex-
pansion for Zr2NiAl and Zr2NiGA are 1.48×10−5K−1

and 1.43×10−5K−1, respectively.

4 Conclusion

First principle spin-polarised calculations for new in-
verse Heusler alloys within the GGA approach show the
F4-3m as the ground state of Zr2NiZ alloys with L21

ordered structure. Magnetic moment of 3µB is charac-
terised with the help of generalised Slater-Pauling rule
of ZT -18 rule. Formation energy analysis show that
these alloys are chemically stable and can be synthesised
experimentally. Finally, the thermodynamic properties
including volume variation, heat capacity, Debye tem-
perature, and thermal expansion coefficients of the full-
Heusler Zr2NiAl and Zr2NiGa compounds are investi-
gated. The observed variations are well according with
the results of the Debye theory, which is regularly ap-
plied to several materials.

Materials Engineering Research c© 2018 by Syncsci Publishing. All rights reserved.
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Figure 3. Calculated thermodynamic properties of Zr2NiAl:
(a), (b)−Heat capacity, (c) Debye temperature, (d) Gruneisen pa-
rameter, (e) Thermal expansion coefficient.

Figure 4. Calculated thermodynamic properties of Zr2NiGa:
(a), (b)−Heat capacity, (c) Debye temperature, (d) Gruneisen pa-
rameter, (e) Thermal expansion coefficient.
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Frumkin-melik-gaykazan model in the potentiodynamic and
galvanodynamic regimes of functioning

Rizvan M. Guseynov∗ Radzhab A. Radzhabov

Abstract: The main purpose of this article is to study the behavior of a metallic electrode in the electrolyte
which contains a surface-active substance with the property of adsorbtion-desorbtion, in the galvanodynamic
and potentiodynamic rejimes. The study of the electrochemical behavior of a metallic electrode is carried out
by operational impedance method, based on the Ohms low on the interaction between the Laplace-transformed
expression of current, voltage and complex resistance (impedance). It is obtained the analytical expression of
interface voltage-time dependence in a solution which contains a surface-active indifferent substance with the
property of adsorbtion-desorbtion; also it is obtained the analytical expression of current density-time depen-
dence which is passing through electrochemical cell in potentiodynamic regime of functioning of the Frumkin-
Melik-Gaykazan model. It is established that the relation between the interface metallic electrode-indifferent
electrolyte with property of adsorbtion-desorbtion voltage in the galvanodynamic rejime has the character of
second order parabola; the relation between current density which is passing through a cell and time in poten-
tiodynamic rejime of functioning in the Frumkin-Melik-Gaykazan model has exponential character.

Keywords: Frumkin Melik Gaykazan model, indifferent electrolyte, adsorbtion-desorbtion, potentiody-
namic and galvanodynamic rejimes, current density, interface voltage

1 Introduction

In the case of adsorbtion of the electrochemical in-
different substance in the electrolyte which contains
the surface-active component the electrode impedance
was examinated by Frumkin and Melik-Gaykazan in the
works.[1–3] In the considerated model electrode charge
depend on not only the potential but also on amount of
the absorbed ions or molecules which charges are inter-
changes with the metallic surface.

As to as regards faraday process it should be mean that
in the appointed region of potentials the surface-active
substance do not electrochemically oxidize or reduction
on the electrode.[3] The amount of electricity, which is
communicated to electrode, it is used up (spend up) on
the charging of electric double layer.[1, 2] Just (namely)
such model of interface electrodeorganic electrolyte so-
lution is obtained the name Frumkin-Melic-Gaykazan
model.
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The investigation of adsorbtion of organic substances
on the metalles of the platinum group is begin intensive
in connection with the problem of using organic sub-
stances as electrochemical fuel for the combustible el-
ements.[4]

Namely this object (task) was the one of problem of
the practical (applied) electrochemistry the basic main
purpose of which was the application of the fuel galvanic
elements in electro motor car.[1, 2]

The equivalent electric circuit of Frumkin and Melik
Gaykazan model for the first time was suggestion by
Grafov B.M. and Ukshe E.A..[4](see Figure 1).

Figure 1. Equivalent electric circuit of Frumkin and Melik-
Gaykazan model (scheme)

The structural elements on the Figure 1 are signified:
R11 and C11 are the active resistance and supplementary
capacity of the electric double layer which are connected
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with the adsorption of the surface-active substances in
a electrolyte; ZW11

is the diffusion impedance of War-
burg; CD is the “veritable” (true) capacity of the elec-
trode which is corresponds to constant value of adsorp-
tion.

In the works,[1, 2] authors investigated the kinetic
mechanism of adsorption of the organic substances on
the metallic electrode in two limited cases of electrode
processes: diffusion and adsorption. In the present work
we make an attempt to analyze the behaviour of Frumkin
and Melik Gaykazan model in the galvanodynamic and
potentiodynamic rejimes of functioning of the electro-
chemical system.

2 Theoretical analysis

2.1 Galvanodynamic rejime

The operational impedance of the equivalent electric
which is represented in Figure 1 may be exemplified in
the form of relationship

Z (p) = R11 +
W11√
p

+
1

p (CA + C11)
(1)

where ZW11 is diffusion constant of the Warburg; p is
the complex variable. In the galvanodynamic rejime (in
the method of linear current scan) I(t)=I0+ϑ t (where I0
is the initial current value, is the rate of linear current
scan), then at I0 = 0, the Laplace operator of function
I(t) is I (p) = ϑ/p2.[5]

So far asE(p) = I(p)·Z(p), the following expression
is obtained for the operator potential

E (p) =
ϑ

p2

[
R11 +

W11√
p

+
1

p (CD + C11)

]
(2)

Using invers Laplace transform tables[6] we obtained
the following expression for the potential

E (t) = ϑR11t+
ϑW11 · 4 · t3/2

1 · 3 · 5 · 3
√
π
+

ϑt2

(CD + C11) 2!
(3)

Potential vs. time dependence plotted according to
equation (3) is shown in the Figure 2, which is plotted
for the following parameters of equivalent circuit:
R11 = 5Ohm · cm2;W11 = 50Ohm · cm2 · S(−1/2);
CD = C11 = 100 · 10(−6)F/cm2; ϑ = 5 · 10(−6)A/S.

The basic deposit (contribution) to E t-dependence in
the equation (3) introduced the third member.

As it is shown from the Figure 2 and as it is fol-
lowed from the equation (3) potential-time dependence
has the second order parabolic character. In that way the
parabolic character of potential-time dependence may be

Figure 2. Potential vs. time dependence plotted according to
equation (3) in the galvanodynamic rejime of functioning of the
cell in the Frumkin and Melik-Gaykazan model

serve the evident proof of implementation of the equiv-
alent electric scheme of Frumkin and Melik-Gaykazan
model.

2.2 Potentiodynamic rejime

In the potentiodynamic rejime (in the method of linear
potential scanning)E (t) = E0+ϑt (whereE0 is the ini-
tial potential value and ϑ is its linear scan rate), then at
E0 = 0, the Laplace operator of function E(t) is E (p) =
ϑ/p2. However, because I (p) = E (p) /Z (p), then by
substituting the values E(p) and Z(p) into the later ex-
pression, we obtained

I (p) =
ϑa′

p
(
p+
√
pc′ +m

) (4)

The following designations are substituted into equa-
tion (4): a = CD + C11; b = R11 (CD + C11);
c =W11 (CD + C11); a′ = a/b; c′ = c/b; m = 1/b.

Equation (4) can be expanded into the sum of partial
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fractions

I (p) =
ϑa′

p
(
p+
√
pc′ +m

)
=
d1
p

+
d2√
p+m2

+
d3√
p+m1

(5)

Where m1 and m2 are the roots (zero) of the charac-
teristic square equation p +

√
pc′ +m = 0, which are

equal to m1=-72,36; m2=-27,64.
The values of roots of square equation are determined

at the following magnitude of the parameters of the
equivalent electric circuits:
W11 = 500 Ohm · cm2 · s−1/2; R11 = 5 Ohm · cm2;
CA = C11 = 50 · 10−6F/cm2.

For the calculation of the while unknown coefficients
we bring the equation (5) to the following appearance

I (p) =
ϑa′

p
(
p +

√
pc′ + m

)
=

d1
(√

p + m1
) (√

p + m2
)
+ d2p

(√
p + m1

)
+ d3p

(√
p + m2

)
p
(√

p + m1
) (√

p + m2
)

(6)

Coefficients d1, d2 and d3 can be found by equating
the factor at similar p powers in the numerators on the
left and on the right.[7]

d1m1m2 = ϑa′

d1 + d2m2 + d3m1 = 0

d1m1 + d2m2 = 0

d2 + d3 = 0

 (7)

The thus found coefficients d1, d2 and d3 are
d1 =

ϑa′

m1m2
; d2 = − d1

m2−m1
; d3 = −d2.

Using inverse Laplace transform tables[6] it is possible
to carry out the term-by-term transformation of equation
(5) into the space of original function. As a result, we
obtained the following expression for the current

I (t) = d1 + d2

[
1√
πt
−m1 exp(m

2
1t)erfc

(
m1t

1/2
)]

+ d3

[
1√
πt
−m2 exp(m

2
2t)erfc

(
m2t

1/2
)]

(8)
By taking into account the equality d2+d3=0, we ob-

tained the following expression for the current

I (t) = d1 + d2m1 exp(m
2
1t)erfc

(
m1t

1/2
)

− d3m2 exp(m
2
2t)erfc

(
m2t

1/2
) (9)

The numerical values of the coefficients d1, d2 and d3
are equal to:
d1 = 100 µA/cm2; d2 = 2, 2361; d3 = −2, 2361.

The final calculation of the current through the elec-
trolytic cell can be conduct on the equation (10)

I (t) = 100 µA/cm2 + 2, 2361 · 72, 36 exp(5235, 96 · t)
erfc (−72, 36×)− 2, 2361 · 27, 64 exp(763, 96 · t)

erfc
(
−27, 64 · t1/2

)
(10)

Current-time dependence plotted based on equation
(10) is represented in Figure 3, which is plotted for the
indicated above equivalent circuit parameters and linear
scan rate of potential ϑ = 1V/s.

It is shown from Figure 3 that the current-time de-
pendence in the case fulfilment of Frumkin and Melik-
Gaykazan model has the rectilinearity character.

Figure 3. Dependance current vs. time plotted based on equa-
tion (10) in the potentiodynamic rejime de of functioning of the
Frumkin and Melik-Gaykazan model

3 Conclusion

By the graphic analytical method are disclosed the
two essential indications which are confirmed a presence
in the electrochemical system the Frumkin and Melik-
Gaykazan model (or scheme).

On the one hand this is the submission of the poten-
tial time dependence to parabola of second order in the
galvanodynamic rejime ode of functioning of the elec-
trochemical cell. On the other hand, the submission the
current time dependence to linear function in the poten-
tiodynamic rejime.
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Behaviour of the electrochemical intrgrator on the basis of solid
electrolyte in galvanoharmonic charging mode

R. M. Guseynov∗ R. A. Radzhabov E. A. Medzhidova

Abstract: Behaviour of the Electrochemical integrator on the basis of Solid Electrolyte is studied in
the galvanoharmonic charging mode. The possibility of application of simpler and more graphic calculation
technigue and separation of impedance of electrochemical systems into active and reactive components is shown.
The plotting of the dependences of the active and reactive impedance components on ac freguency was used to
find the values of parameters of the studied equivalent electric cuircuits.

Keywords: electrochemical integrator, solid electrolyte, operational impedance, galvanoharmonic charg-
ing mode

1 Introduction

The investigation of the electrochemical behavior of
the integrator was performed by operation impedance
method which is based on the Laplas transformation
and Ohms low between current, voltage and complex
resistance (impedance). And what is more in this arti-
cle was performed the new method of separating of the
impedance into active and reactive components.

The basic constructive element of the electrochemical
integrator on the basis of solid electrolyte is the elec-
trolytic cell which contains the reversible silver electrode
and the inert coal or graphite electrode. The solid elec-
trolyte Ag4RbI5 is placed between two electrodes.

The electrochemical integrator may be represented
schematically in the next form

( - )Ag|Ag4RbI5|C (+) (1)

Equivalent electric circuit of a cell with the blocked
electrode- solid electrolyte interface C / Ag4RbI5 can be
presented in the form of (Figure 1) where Re is the resis-
tance of solid electrolyte; C2 is the adsorbtion desorb-
tion capacitance; ZW2 diffusion impedance of Warburg
related to the sublattice defects of the solid electrolyte.
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Figure 1. Equivalent electric circuit of the electrochemical in-
tegrator (ionix) on the basis of solid electrolyte Ag4RbI5

In this work we study the behavior of the electrochem-
ical integrator (ionix) in the mode of galvanoharmonic
charging of the electrode solid electrolyte interface.

2 Thoretical analysis

In the course of ionix charging on the silver electrode
cathode the electrodeposition takes place according to
equation Ag+ + e = Ag.

On the graphite electrode the charging of double
electric layer process takes place. Owing to a small
electronic conductivity of the solid electrolyte Ag4RbI5
(τ e)= 10−11ohm−1· cm−1[1] the double layer capacity
C2 is retained without change.

Operational impedance of a cell shown in Figure 1 can
be presented in the form of

Z(p) = Re +
W2√
p

+
1

pC2

(2)

where W2 is diffusion impedance of Warburg con-
nected with the diffusion of the sublattice defects of the
solid electrolyte; C2 is the capacitance of double electric
layer; Re is active or Ohmic resistance.

So far as the current is applyd in the galvanoharmonic
mode I(p) = Io

ω

p2+ω2 the operational voltage can be
presented in galvanoharmonic mode also, as
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E(p) = Io
ω

p2+ω2

[
Rε +

W2√
p

+
1

pC2

]
(3)

where I0 is the amplitude of the wave current; is the
angular frequency. To obtain the primitive function of
E(t) one has to carry out term- by- term transformation
of expression (3) into the original function space. Let
us designate the transformation operation as � ...−→�.
Herewith, it is obvious that[2–4]

ReIo
ω

p2 + ω2

...−→ IoRe sinωt (4)

The other terms in expression (3) can be transformed
using the convolution technique,[5] whereby one can
write the following relationships;[6]

Io
ω

p2 + ω2
· 1

C2P

...−→
∫ t−∞

o

Io
C2

sin τdτ = − Io
ωC2

cosωt

(5)

Io
ω

p2 + ω2
· W2√

p
...−→

∫ t→∞

o

IoW2(t− τ)−
1
2 sin τdτ

=
IoW2√
ω

Γ(
1

2
) sin

1

2
π

1

2
=
IoW2√
ω

Γ(
1

2
) sin

π

4
(6)

where Γ( 1
2
) =
√
π- is the gamma function.

With account for relationship (4) (6), expression (3)
for voltage assumes the form of

E(t) = IoRe sinωt− Io
C2ω

cosωt+
IoW2√
ω

Γ(
1

2
) sin

π

4

= EO sin (ωt− θ)
(7)

where Eo is the ac voltage amplitude; θ is the current
voltage phase angle.

Equation (7) follows from the theory of linear ac cir-
cuit,[4] according to which imposing sine wave current
on the cell results in the sine wave voltage response in
the circuit with similar angular frequency θ in the steady
state mode.

Equation (7) must be correct at any time t. In particu-
lar, ωt = 0 and ωt = π

2
, the two following relationships

can be obtained on the basis of expression (7)

− Io
ωC2

+
IoW2√
ω

√
π

√
2

2
= −Eo sin θ (8)

IoRe +
IoW2√
ω

√
π

√
2

2
= Eo cos θ (9)

{
IO
ωC2
− IOW2√

ω

√
π
√
2
2

= Eo sin θ

IORe + IoW2√
ω

√
π
√
2
2

= Eo cos θ
(8a, 9a)

As seen in the vector diagram (Figure 2), any sine
wave voltage can be formally sepated into an active and
reactive components[6] corresponding to:

Eo sin θ = Ereact

Eo cos θ = Eact

Figure 2. Vector diagram showing the relationship between the
voltage triangle and resistance triangle

Division of relationship (8) and (9) by current Io
allows passing from the voltage triangle to the resis-
tance triangle in which reactive Ereact and active Eact
impedance components are:

Zreact =
1

ωC2

− W2√
ω

√
π

√
2

2
(10)

Zact = Re +
W2√
ω

√
π

√
2

2
(11)

Division of relationship (10) by relationship (11)
yields the expression for the slope of the electrode
impedance phase angle:

tgθ =
Zreact
Zact

(12)

Figure 4 shows the impedance complex plane plot of
the electrochemical integrator calculated according to

Materials Engineering Research c© 2019 by Syncsci Publishing. All rights reserved.



R.M.Guseynov, et al. Behaviour of the electrochemical intrgrator on the basis of solid electrolyte in galvanoharmonic charging mode 13

expression (10) and (11) at the following values of the
equivalent electric circuit parameters: Re = 4 Ohm ·
cm2; C2 = 13, 3 · 10−6 F/cm2; W2 = 50 Ohm ·
cm2 · s−1/2

The phase angle of electrode impedance tends to at a
decrease in the ac frequency and tends to 900 at increase
in the ac frequency and tends to 00 at increase in the ac
frequency (Figure 3).

Figure 3. Frequency dependence of the impedance phase angle
of a electrochemical integrator

As seen in Figure 4 the slope of the impedance com-
plex plane plot to the active resistance axis is decreased
at increasing of ac frequency.

The absolute impedance of the electrochemical inte-
grator calculated according to relationship (13)

|Z| =
√
Z2
act + Z2

react (13)

can be presented in the form of the following expres-
sion

Z =

{
R2
e +

W 2
2 π

ω
+
W2

√
π√

ω2
(2Re −

2

c2ω
) +

1

c22ω
2

} 1
2

(14)
The dependence of the absolute impedance on the ac

frequency is shown in Figure 5. According to relation-

Figure 4. Impedance complex plane plot of electrochemical
integrator. Numbers near the points correspond to the angular fre-
quency values in Hz.

ship (14), the absolute impedance tends at an increase in
a frequency to a constant value equal to resistance Re of
the solid electrolyte.

For plotting the experimental results it is convenient to
reduce expression (10) to the form of

Zreactω =
1

c2
− w2

√
2π

2

√
π (10a)

The plot corresponding to relationship (10a) is shown
in Figure 6, it can be used to estimate the value of pa-
rameters C2 and W2.

The dependence of active impedance component Zact
on the frequency according to equation (11) is shown in
Figure 7.

The plot of function Zact − f
(

1√
ω

)
at ω → ∞ ap-

proaches the constant value equal to Re.

3 Results and conclusion

In this article we were obtained frequency depen-
dances of impedance, frequency dependence of the
impedance phase angle, of the absolute impedance and
the frequency dependances of the active and reactive
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Figure 5. Dependance of absolute impedance of electrochemi-
cal integrator on ac frequency

Figure 6. Determination of C2 and W2 according to equation
(10a)

components of the impedance of the electrochemical in-
tegrator on the basis of the solid electrolyte. This work
uses a new method based on the results of the throry
of linear ac circuits for calculation and factori zation of
impedance into active and reactive components. Con-
clusion. One should note that the method of calculation

and separation of impedance into components used in
this work is simple and graphic, which in our opinion,
makes the operational methods especially attractive for
analysis of properties of ac circuits.

Figure 7. Determination Rε in according to equation (11)
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One-step synthesis of TiO2 nanoparticles using
simple chemical technique

Majid Farahmandjou

Abstract: Titanium dioxide nanoparticles (TiO2) have been extensively investigated because of its high
chemical sustainability, optic properties, and adaptation to the environment. These studies include applications
in heterogeneous catalysts, solar cells, coating technology, and electrical devices. TiO2 particles in the nanome-
ter scale can remove limitations, such as the absorbance of organic materials, because of a high surface area
to volume ratio. Titanium dioxide nanoparticles, were synthesized using a simple wet chemical method. Their
physico-chemical properties were characterized by transmission electron microscopy (TEM), scanning electron
microscopy (SEM) and X-ray diffraction (XRD) analyses. The TEM results showed that the mean size of as-
synthesized TiO2 was 5 nm with high crystalline anatase phase. The SEM observations revealed that the size of
nanoparticles increased with annealing temperature and the morphology of the particles changed to the spherical
shape. The crystal structure of the nanoparticles before and after annealing was done by XRD analysis. The
rutile phase was formed after heat treatment at 600oC for 3 hours.

Keywords: TiO2 nanoparticles, wet chemical synthesis, rutile phase

1 Introduction

Metal oxides have recently become widely used in the
field of medical and industrial applications[1–25] . TiO2

nanoparticles have attracted attention in the fields of en-
vironmental purification, solar energy cells, photocata-
lysts, gas sensors, photo electrodes and electronic de-
vices. It has been widely used as a pigment in paints,
ointments, toothpaste etc[26] . Nanosized TiO2 parti-
cles are of particular interest due to their specifically
size-related properties. Generally it is in three forms,
anatase (tetragonal, a=b=3.78 Å, c=9.5 Å), rutile (tetrag-
onal, a=b=4.58 Å, c=2.95 Å) and brookite (rhombohe-
dral, a=5.43 Å, b=9.16 Å, c=5.13 Å). Among various
phases of titania reported, anatase shows a better pho-
tocatalytic activity and antibacterial performance[27] . A
stable anatase up to the sintering temperature of the ce-
ramic substrates is most desirable for applications on an-
tibacterial self-cleaning building materials like bathroom
tile, sanitary ware and self-cleaning applications[28] .
Anatase-to-rutile transformation is usually occurs at 600
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to 700◦C[29] . Phase transition to rutile is nonreversible
because of the greater thermodynamic stability of ru-
tile phase[30] . There are several factors in determining
the important properties such as the particle size, crys-
tallinity and morphology that affect in the performance
of TiO2 in applications[31] . A number of studies have
focused on the synthesis of titanium dioxide nanopar-
ticles[32] . Anatase and rutile are commonly obtained
by hydrolysis of titanium compounds, such as titanium
tetrachloride (TiCl4)[33] or titanium alkoxides (Ti(OR)4),
in solution[34] . Brookite is sometimes observed as a by-
product of the precipitation reaction carried out in acidic
medium at low temperature.[34, 35] Brookite is also ob-
tained as large crystals by hydrothermal methods at high
temperature and pressure in aqueous[36] or in organic me-
dia[37] . In the present work, we focused on synthesis of
TiO2 nanoparticles system by wet chemical route. This
method has novel features which are of considerable in-
terest due to its low cost, easy preparation and industrial
viability. Synthesis of rutile form by wet synthesis tech-
nique is reported by TiCl4 solution precursor and cal-
cined at 6000C. The structural and optical properties of
TiO2 have been studied by XRD, SEM and TEM analy-
ses.

2 Experimental detail

TiO2 nanoparticles were synthesized by a new ap-
proach according to the following manner. 20 mL NaOH
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solution (64.8 g/l) was added drop wise into 100 mL de-
ionized water with stirring. Then, 5cc TiCl4 solution
(200 g/l) was added drop wise to the solution and stirred
for 5 min at room temperature. At first a large amount
of HCl gas was exhausted during the mixing process and
then light yellow solution was obtained. Resulting TiO2

slurry and an aqueous solution of HNO3 (2 mL) were
dried at 650C for 1 h, cooled to room temperature and
neutralized with 26% of aqueous ammonia (10 mL) and
stirred again for 10 min. The pH was adjusted by adding
nitric acid in the range for 2.0 to 2.5. Then, the prod-
uct was aged at 220oC for 2.5 hours and finally calcined
at 6000C for 3 hours. The white TiO2 powder was later
obtained.

The specification of the size, structure and opti-
cal properties of the as-synthesis and annealed TiO2

nanoparticles were carried out. X-ray diffractometer
(XRD) was used to identify the crystalline phase and
to estimate the crystalline size. The XRD pattern were
recorded with 2θ in the range of 4-85o with type X-Pert
Pro MPD, Cu-Kα: λ = 1.54 Å. The morphology was
characterized by field emission scanning electron mi-
croscopy (SEM) with type KYKY-EM3200, 25 kV and
transmission electron microscopy (TEM) with type Zeiss
EM-900, 80 kV.

3 Results and discussion

X-rar diffraction (XRD) at 40Kv was used to iden-
tify crystalline phases and to estimate the crystalline
sizes. Figure 1(a) shows the XRD morphology of TiO2

nanoparticles and indicates the structure of tetragonal
anatase phase. The XRD patterns showed this sam-
ple have four sharp peaks 2θ angle at the peak posi-
tion at 25.2o, 37.7o, 47.8o, 54.1o, 62.5o, 69.4o and 75.5o

with (101), (004), (200) , (105), (211), (204) and (116)
diffraction planes, respectively are in accordance with
the TiO2 anatase phase. It can be seen the peak po-
sition at 27.5o corresponds to the plane (110) of rutile
form. The mean size of the ordered TiO2 nanoparti-
cles has been estimated from full width at half maximum
(FWHM) and Debye-Sherrer equation.[38]

Where, 0.89 is the shape factor, λ is the x-ray wave-
length, B is the line broadening at half the maximum in-
tensity (FWHM) in radians, and θ is the Bragg angle.
The mean size of as-prepared TiO2 nanoparticles was 5.5
nm from this Debye-Sherrer equation.

Scanning electron microscope (SEM) was used for the
morphological study of nanoparticles of TiO2. These fig-
ures show that high homogeneity emerged in the sam-
ples surface by increasing annealing temperature. With
increasing temperature the morphology of the particles

Figure 1. XRD pattern of as-prepared and annealed TiO2

nanoparticles

changes to the spherical shape and nanopowders were
less agglomerate. Figure 2(a) shows the SEM image of
the as-prepared TiO2 nanoparticles with spherical shape
prepared by wet chemical method. Figure 2(b) shows
the SEM image of the annealed TiO2 nanoparticles. The
TiO2 nanoparticles formed were not agglomerated. The
spherical shaped particles with clumped distributions are
visible through the SEM analysis. The average crystal-
lite size of annealed nanocrystals is about 25 nm. Figure
3 indicates the commercial TiO2 nanoparticles.

The transmission electron microscopic (TEM) analy-
sis was carried out to confirm the actual size of the parti-
cles, their growth pattern and the distribution of the crys-
tallites. Figure 3 shows the as-synthesized TEM image
of titanium dioxide prepared by wet synthesis. It is ob-
served that the anatase TiO2 nanoparticles are built with
a diameter of 5nm. The principal novelty of the proce-
dure developed is that it results in nanoparticles of TiO2,
with a regular distribution, uniform size and spherical
shape because of HNO3 stabilizer.[39, 40]

4 Conclusion

Titanium dioxide nanoparticles were successfully pre-
pared by simple and new wet synthesis method. Anatase
TiO2 is obtained from wet synthesis method and rutile
phase is obtained when it is calcined at 600 oC. The av-
erage size of annealed TiO2 is about 25 nm. TEM studies
show spherical structure of TiO2 nanoparticles with size
of 5nm for smallest particle. SEM images showed that
with increasing temperature the morphology of the par-
ticles changes to the spherical shape and nanopowders
were less agglomerate. XRD pattern of TiO2 nanopar-
ticles indicated the structure of tetragonal anatase phase
without annealing and rutile phase with annealing pro-
cess at 600 oC.
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(a)

(b)

Figure 2. SEM images of the (a) as-prepared (b) annealed at
6000C
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Gröe von Kolloidteilchen mittels Röntgenstrahlen. Kolloid-
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RESEARCH ARTICLE

A study on the deformation and crushing of copper tubing:
experiments, theory & FE modelling

R.P. Turner

Abstract: A series of 250 mm lengths of copper tubing, of 15 mm outer diameter and 0.7 mm wall
thickness, were studied to determine their deformation if they were pinched or crushed between rigid objects
applying a given force, to replicate potential accidental damage suffered by the copper pipes during service. A
finite element modelling framework was developed to simulate the crushing of a copper pipe the same dimen-
sions as that used for experiments, and the experimental data allowed for a validation of the pipe crushing at
approximately room temperature, to consider copper pipe carrying cold water. The FE modelling activity was
then extended to consider the deformation of copper pipe at 80◦C, carrying heated water at this temperature.
The modelling agreed reasonably well with experiment, and applied forces of 1.5 kN began to deform the cold
pipe, with the pipe collapsing on itself at loads of 6 kN. The heated pipe began to deform at roughly 1.25 kN.
Lastly, theoretical flow calculations were performed to determine the Reynolds value, the flow velocity and the
pressure loss and head loss per unit length of the deformed pipes, according to classical pipe flow calculation
methods.

Keywords: simulation, fluid mechanics, finite element, pressure drop

1 Introduction

Copper tubing is commercially available as standard
in all sorts of pipe diameter sizes, ranging from a small,
thin walled pipe of 15 mm diameter and wall thickness
0.7 mm, to 80 mm diameter and approximately 2.0 mm
wall thickness, for commercial plumbing requirements[1]

. Typical uses for copper tubing include the supply of
cold and heated water from a mains water line to a local
tap or boiler unit[2] , or as a refrigerant fluid transporta-
tion line in a heating, ventilation and air-conditioning
(HVAC) system[3] . Copper is used to produce these fluid
(often water) carrying pipes for a number of reasons. It
is anti-microbial (employing the oligodynamic effect)[4]

, which can kills bacteria before build-up[4] , it generally
does not leach harmful metals in to the fluid it carries, as
opposed to some other metals that can much more readily
leach out in to the fluid[5] , it is non-permeable[6] , it does
not suffer from corrosion readily in the typical working
environment[7] , it is a ductile metal that can be shaped
more readily than other metals, and its ductility offers
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greater fracture toughness than some other metals[8] . It
is also an abundant natural resource[2] , and further is
readily recyclable, thus reducing the raw material costs.

However, it is the material’s malleability at moder-
ate temperatures[6] to allow for ease of pipe manipula-
tion which is the predominant reason that it is so widely
used. Yet, copper’s relative malleability at low tempera-
tures may also be considered a weakness of the material,
as it does mean that the pipe is susceptible to sustain-
ing damage whilst in-service, through accidental impact
or through undesired trapping mechanisms whilst in ser-
vice.

The raw copper material can come from either virgin
or recycled copper routes, however copper is one of the
most recycled metals, and the copper scrap is often ob-
tained from stripping down industrially used copper elec-
trical wire to the bare wire component. Recycled cop-
per generally shows very little degradation of mechani-
cal property[9] , along with the usual impact of recycling
including concomitant environmental and cost benefits,
meaning recycled copper is increasingly in demand[10] .

Copper is a FCC lattice structure, it is a dense metal
(8,900 kgm−3) with a melting temperature of 1083◦C. It
generally is a relatively unreactive metal, with noticeable
oxidation only occurring over a period of many years.
This oxidation layer, called a patina, actually protects
the copper below from further atmospheric degradation,
whilst offering minimal reduction in the material prop-
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erty.
Copper tubing is manufactured on a considerable

scale, given the widespread use of the finished product
across a vast number of industrial applications. In or-
der to manufacture the copper tubing, the raw material
must be fed in to a furnace and melted. For common tub-
ing applications, the raw copper comes from high qual-
ity grades of recycled scrap copper (sometimes referred
to as bare bright copper)[11] . This grade ensures that
the recycled material is largely free from contaminants
and other material, and free from any visible oxidation.
Sections scrap of material eligible to be classed as bare
bright copper must be thicker than 16 gauge[11] (approx-
imately 1.59 mm thick).

The raw material copper is melted in a large rever-
beratory furnace. The melt is raised to approximately
1260 to 1300◦C, well in excess of the melt point of cop-
per (1083◦C). The molten copper is then fire-refined by
the introduction of oxygen, which reacts to form oxides
much more readily with any impurities still within the
melt[12] . The oxides of the impurities are less dense than
the copper, and so float to the surface as slag. Small
traces of copper oxide are removed using additions of
phosphorus to react with the oxygen, leaving near pure
copper. This recycled copper can reach roughly 99.9%
purity, virtually as pure as copper produced from virgin
ore[12] .

The molten copper is subsequently poured in to hor-
izontally aligned, water-cooled graphite moulds. Grips
then pull the now solidified copper log linearly within
the mould, allowing space for further molten copper to
be poured in to the gap created at the back. The process
continues as such until the maximum length of copper
log is created. Once the cylindrical log is produced via
continuous casting, the copper billet is placed in to an ex-
trusion press. The billet is heated to the required forming
temperature, and is pierced using a mandrel. A ram is lo-
cated at the back end of the extrusion chamber, forcing
the heated copper over the mandrel and through an extru-
sion hole on the opposite side of the chamber to the ram.
The size and shape of the hole which the heated, highly
malleable copper is forced through dictates the extruded
material size and shape. The hollow copper tubing that
emerges from the extruder can then be drawn out further,
using grips to contact the tube, and pulling it through fur-
ther dies to reduce its outer diameter and its wall thick-
ness to the relevant size required[13] .

The process of drawing serves to work-harden the cop-
per[14] , thus drawn tube has improved material mechan-
ical properties such as the fracture toughness, compared
to prior to drawing. Work-hardening is achieved through
small amounts of plastic deformation within the mate-

rials causing a saturation of dislocations[15] within the
crystal structure of the copper.

One of the main advantages of tubing production us-
ing this type of extruded and drawn methodology is the
seamless nature of the finished product, with homoge-
nous property and microstructure throughout its outer
wall, and its wall thickness[13] . As opposed to seam-
less tube, welded tubing is formed from a flat sheet of
material that is subsequently rolled and welded longitu-
dinally. The presence of the weld within rolled, welded
tubing can cause in-service issues, especially for pres-
surised pipe systems. However, despite the extra man-
ufacturing costs associated with the extrusion method
compared to rolled and welded, an extruded and drawn
seamless tubing component offers improved mechanical
properties. Thus, the seamless tubing is desirable within
industrial applications, especially when considering the
expense and containment issues associated with a burst
pipe.

The mechanical properties of copper largely depend
upon its route of production; however it does have good
toughness at low temperatures, has room temperature
strength of roughly 190-250 MPa[16] , which can be fur-
ther enhanced by cold work-hardening. As the temper-
ature increases, the strength remains roughly constant
up to approximately 70◦C, before beginning to decrease,
with an increasing gradient, up to approximately 200◦C.
The yield strength decreases very gradually from room
temperature up to 200◦C.

Finite element simulations concerning the structural
integrity of a pipe component are not new, indeed there
are numerous instances within the literature of FE or
numerical modelling to analyse the structural integrity,
strength, and associated residual stress field left behind
after pipe welding[17–21] , or through impact and load-
ing[22, 23] , however most of these studies tended to be
considering steel pipework. Thus, there is a considerable
gap in the efforts of FE and numerical analysts to sim-
ulate accidental deformation, and the knock-on effect of
fluid flow within a damaged pipe, for the copper pipes so
prominently used.

2 Material and methods

Copper pipe of external diameter 15 mm, wall thick-
ness of 0. 7 mm, and thus internal diameter of 13.6 mm,
was used for experimental measurements of pipe defor-
mation due to certain applied loads. An ESH Testing Ltd
100 kN load frame press was used to apply the fixed load
on to the central portion of pipe, which was clamped in-
between two jaws measuring 25 mm in width. The set-up
can be seen in the schematic given in Figure 1.
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The press and jaw arrangement were utilised to apply
specified loads to the pipe, in order to crush the pipe,
as a physical simulation of a pipe becoming trapped in
service and deforming accordingly. The applied loads
were, in increasing order; 1.5 kN, 2 kN, 2.5 kN, 3 kN
and 6 kN. There was no further clamping, lubrication or
equipment used. The bar and jaws were at a constant 15-
20◦C, as was the surrounding atmosphere at the room
temperature of the laboratory, in order to replicate the
cold pipe under service.

Figure 1. A schematic diagram showing the experimental
set-up for deforming the pipe

3 Finite element modelling

An FE model was constructed using the Deform
v11.2 software, from software developers SFTC[24] . The
model was created using various rigid and plastically de-
formable objects. A plastically deformable workpiece
was employed to represent the copper pipe. The model
simulated a copper pipe of length 250 mm, with 15 mm
outer pipe diameter and wall thickness of 0.7 mm. This
was meshed by initially meshing the 2D cross-section of
the pipe-wall with 2D quadrilateral elements, and then
extruded through the length of the pipe to produce the 3D
component. Hence, the elements were hexahedral, and
numbered about 25,000 in the deformable workpiece.

The 3D pipe workpiece was assigned the properties of
the copper material, with a Young’s Modulus of 115GPa
(at 15◦C) or 105 GPa (at 80◦C), a Poisson ratio of 0.33
and a temperature dependent flow stress given by the
simplified Johnson-Cook Equation:

σ̄ = (A+Bε̄n)

[
1 + C.ln

(
ε̇

ε̇0

)]
(1− (T ∗)

m
) (1a)

Where

T ∗ =
T − Trm

Tmelt − Trm
(1b)

And where ε̄ is the mean strain, ε̇the mean strain
rate, T is operating temperature, Trm is room temperature
(15◦C) and Tmelt is melting temperature (1085◦C),with
further material dependent parameters A, B, C, m, n, ε̇0
to be defined. In the case of copper, the values used are
as given in Table 1.

These parameters to be fitted to match the material
behaviour can largely be purely numerically quantified
with little physical meaning, however analysing the form
of the equation can inform that ε̇0 is a reference strain
rate, n is an exponent for the strain hardening, m is an
exponent for the high temperature softening, and A is the
base flow stress value when at room temperature, refer-
ence strain rate and zero strain.

Table 1. Parameters used to define the simplified Johnson-Cook
flow stress equation

A B C m n
123.7 435.1 0.022 0.83 0.31 1

Rigid (tooling) objects were used to apply a deforma-
tion within the FE model to match the experimental set-
up accurately. Thus, cuboid blocks were created to rep-
resent the jaws of the compressing tooling that was used
to provide the deforming force. As rigid objects expe-
rience no deformation, thus these did not require mesh-
ing. Boundary conditions between workpiece and rigid
tooling, applied at nodes within the workpiece mesh that
were in contact with a rigid object were assigned with a
shear friction coefficient of 0.08, as is recommended for
cold forging operations. The workpiece was also given a
self-contact boundary condition for when the pipe inner
walls fold and contact. A time step of 0.01 s was im-
plemented, and automatic re-meshing of the workpiece
was switched on. The set-up of the model can be seen in
Figure 2.

Figure 2. The FE modelling set-up, with the plastically de-
formable workpiece pipe, and rigid tooling

Two models, identical in set-up barring the pipe work-
piece operating temperature were set up. The models
were ran in an adiabatic manner, thus heat transfer effects
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were neglected and only the mechanical response calcu-
lated, and the pipe assumed to remain at the same fixed
temperature (either 15◦C to represent a cold fluid carry-
ing pipe, and 80◦C to represent a hot fluid carrying pipe).
This was considered a fair simplification given the pipe
will remain at the temperature of the fluid carried dur-
ing the pipe collapsing procedure, with additional heat-
ing due to deformation minimal and thus neglected.

A normalised Cockroft and Latham damage criterion
was implemented within the plastically deforming work-
piece to simulate the potential for fracture at regions of
high strain and stress, to keep a through process track
of the evolution of this damage parameter indicating the
material likelihood to fracture. The normalised Cock-
roft and Latham parameter, Cn, is expressed as given in
Equation 2.

Cn =

∫ ε̄ σmax
σeff

dε̄p (2)

Whereby; σmax is the maximum principal stress, σeff
is the effective (Von Mises) stress, and ε̄p is the effective
plastic strain. The normalising parameter in this equa-
tion is the effective stress, and this allows for a fracture
likelihood parameter, Cn, to be postulated. No value was
set to initiate element deletion; instead the model was
allowed to simply accrue damage at locations of likely
high stress and strain to give an idea of probable damage
sites within the workpiece.

4 Results and Discussion

4.1 Shape

The resulting deformed pipe cross-sectional shapes
at different applied loads, predicted using FE soft-
ware, were critically compared to the experimentally ob-
served pipe cross-sectional shape, to determine the ac-
curacy of the modelling approach. The resulting pipe
cross-sections for the cold pipe can be seen in Figure
3(A),3(B).

In the experiment (see Figure 3(B)), the pipe is de-
forming reasonably consistently with an elliptical mode.
At the 2.5 kN load, a “flat” section appears on the top and
bottom surfaces, where the apex location had been be-
fore. At higher loads, this flat actually turns inward, such
that the location along the vertical centre of the pipe will
come in to contact first. This central contact is achieved
at the 6 kN load experiment, whereby the pipe has col-
lapsed on to itself along its vertical centre-line. Thus, in
the experiment, the elliptical mode of deformation is a
reasonable approximation up until a force of greater than
3 kN.

For the FE model, the inverting of the pipe wall at the

(A)

(B)

Figure 3. (A) Shape predictions for the cold (15◦C) pipe at: (1)
un-deformed; (2) 1.5kN; (3) 2kN; (4) 2.5kN; (5) 3kN; (6) 6kN
(B) Experimentally observed pipe deformation shapes at: (1) un-
deformed; (2) 1.5kN; (3) 2kN; (4) 2.5kN; (5) 3kN; (6) 6kN

vertical apex locations, such that they turn in toward one
another, is predicted to occur at a lower applied load.
This is manifested within the 2.5 kN load model, and
then continues to become more pronounced until contact
is reached, somewhere in between the 3 kN and 6 kN
loads. Whilst the applied load at which this first begins
is not in agreement with the experiment, the overall trend
is correctly predicted. However, it must be stressed that
for the FE model, the elliptical deformation mode has
broken down for much of the deformation.

The FE modelling framework was extended to also
consider the deformation of the same set-up of FE model,
but considering a pipe held at a heated 80◦C (see Figure
4). This is performed in order to simulate the deforma-
tion experienced upon a hot water carrying pipe, where
the copper material will have a slightly different mechan-
ical response than when cold (15◦C). Again, the trend is
shown for an initial elliptical deformation mode to give
way to a deformation mode whereby the upper and lower
apex locations “turn-in” to produce a slightly narrowed
section at the vertical centreline of the pipe.

4.2 Force

The FE model can be interrogated to generate a force
vs die separation plot, to predict the collapse pf the pipe
under increasing applied loads. The die separation, by
definition of the problem, is simply the “height” of the
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Figure 4. Shape predictions for heated (85◦C) pipe at: (1) un-
deformed; (2) 1.5kN; (3) 2kN; (4) 2.5kN; (5) 3kN; (6) 6kN

deforming pipe in the vertical axis, in-between the tool-
ing applying the loading. The predicted die separation
for a given applied force, for the models simulating a
cold fluid carrying pipe at 15◦C, and for simulating a
heated fluid carrying pipe at 80◦C can be seen in Figure
5.

Figure 5. Die separation versus corresponding applied force
graph, to illustrate the gradual collapse of the pipe

The onset of deformation of the pipe can be seen to
occur for the cold pipe at approximately 1.5 kN, whereas
for the heated pipe, this deformation initiates at approxi-
mately 1.25 kN. Thus, there is evidently some flow soft-
ening of the copper at 80◦C compared to 15◦C, given
that for the same applied load the pipe is deformed more,
hence the two dies are closer together.

The resulting semi-minor axis length of the pipe
(which by definition is half of the die separation value,
measured vertically in the set-up) continues to decrease
approximately linearly between 1.5 kN and 2 kN (for the
cold pipe) or between 1.25 kN and 1.75 kN (for the 80◦C
heated pipe), when the reduction in semi-minor axis be-
gin to slow down. As the pipe becomes more plastically

distorted, increasing applied loads continue to increase
deformation within the pipe, but to a smaller effect, as
the deformation approaches a natural asymptote, namely
the thickness of two pipe walls for when the pipe has en-
tirely flattened out upon itself, which it cannot be com-
pressed more than.

The pipe deforms initially following the elliptical
pipe-wall shape, as shown previously. However, at an
applied load of 2 kN, the apex of the upper and lower
wall of pipe begin to turn inwards, thus the elliptical
description breaks down slightly from this moment on-
wards. An applied load of 6 kN for the cold pipe model
sees these apex positions of upper and lower wall meet.
For the heated pipe, this contact of pipe walls occurs at
a marginally lower applied force, 5.5 kN. Once the walls
contact, the semi-minor axis value (still assuming that
one can use an ellipse to describe the pipe, which is not
strictly true) decreases a small amount for greater and
greater loads, as the pipe is now flattening on to itself.

4.3 Residual stress

The structural integrity of the copper pipe will pre-
dominantly depend upon the levels of residual stresses
experienced and associated strain within the component,
as it is crushed and deformed. It is therefore of inter-
est to be able to analyse these in-situ fields of strain
and effective (Von Mises) stress across the component
during deformation. This capability to perform detailed
through-process interrogation of mechanical fields is the
primary strength of any FE analysis, if it is assumed that
the model has been successfully validated by comparison
of shape prediction against experimentally observed de-
formed pipe shape. Instrumented experimentation to un-
derstand the temporally through-process stress and strain
fields is extremely challenging, hence the ability to anal-
yse with validated FE tools is a convenient way of under-
standing how the deformation process influences these
mechanical fields.

The Von Mises stress field within the pipe, during dif-
fering loads considered, can be seen in Figure 6. Peak
Von Mises stresses for the models at the applied loads
range from 240 MPa in the 1.5 kN model to 440 MPa
in the 6kN model for the cold pipe, and from 240 MPa
in the 1.5 kN model to 380 MPa in the 6 kN model for
the heated pipe. Whilst the peak stresses did fall ap-
proximately 15% in the heated pipe model, it was the
difference in Von Mises stress across the central portion
of the pipe that saw the greatest decrease when the pipe
was heated. At the 6 kN applied force, the modal Von
Mises stress value reported at nodes was 250-260 MPa
for the cold pipe, whereas it was only 210-220 MPa for
the heated pipe, thus the lower banding of predominant
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colour in the heated pipe model (see Figure 6).

Figure 6. Von Mises residual stress after pipe crushing, at the 5
varying applied loads, for (left) cold 15◦C pipe, and (right) heated
80◦C pipe

Clearly, the region under the highest stress will be the
“shoulder” region of the deformed section of pipe, where
the pipe wall is being pushed outward perpendicular to
the applied force. However, Von Mises stress does not
distinguish between compressive and tensile values. The
nature of the stress field can be further interrogated by
considering the stress field in the vertical direction (di-
rection of applied load), see Figure 7. For the cold pipe 6
kN applied load model, the pipe cross-section in the X-Z
plane through the region of maximum Von Mises stress
was analysed.

Figure 7. Von Mises residual stress, shown over a cross-section
of cold (15◦C) pipe for the 6 kN load

The shoulder region experiencing the maximum stress
is under a tensile stress field on the outer wall of the
pipe, as it is perpendicular to the applied force, whereas
the top and bottom of the pipe will experience a com-
pressive stress given these are in the axis of deformation.
However, the inner wall, at the location of maximum dis-
placement, must in turn experience a compressive stress,
to balance the tensile stress elsewhere. For this highest
applied load model (6 kN), the tensile stress in the Z di-
rection on the outer wall reaches similar values to that
given by the Von Mises effective stress, approximately
450 MPa, as this is by far the largest contributor in terms

of the principal stress axes at this location., thus dom-
inates the equation to calculate Von Mises stress from
the principal stress fields. The inner wall sees compres-
sive stresses of a similar magnitude, approximately 470-
500 MPa. These predicted peak tensile and compressive
stresses fall for the lower applied loads, to approximately
240 MPa (tensile outer wall and compressive inner wall)
for the lowest applied load (1.5 kN) for which there is
minimal distortion.

4.4 Effective strain

The FE model predicted effective strain fields expe-
rienced within the cold and the heated deformed pipe,
at the different applied loads, are given in Figure 8. As
with the effective stress field, it is clear that the maximum
strain will be observed at the shoulder region where the
applied load is acting, as this must deform more than any
other region in the pipe. The peak effective strain pre-
dicted for the models ranges from less than 0.05 for the
1.5 kN applied load, to 0.4 for the 6 kN load. The peak
effective strain increases roughly linearly proportionally
to the applied load across the 5 models, with an approx-
imate empirically fitted relationship of εmax = F (kN)

20
.

Figure 8. Effective strain for pipes at the 5 varying applied
loads; (left) cold 15◦C pipe, and (right) heated 80◦C pipe

The effective strain field, viewed at the cross-section
of the pipe in the X-Z plane, through the point of maxi-
mum strain, was analysed. Figure 9 illustrates this cross-
sectional view for the 6 kN applied load model, and it is
evident that within the predicted strain field, the strain is
highest on both the outer and inner walls at the horizon-
tal apex location. Peak effective strain values for the 6
kN applied load are reaching approximately 0 35 on the
inner wall, and 0.3 on the outer wall in this plane. The
strain reduces to a minimum of roughly half the peak
value, at approximately half-way through the 0.7 mm
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thick wall.

Figure 9. Effective strain, shown over a vertical cross-section
of pipe at maximum distortion, for the 6 kN load

4.5 Fracture / Damage

The FE model can be interrogated to determine the
level of “damage” accumulation throughout the pipe, ac-
cording to the Cockroft and Latham normalised param-
eter, as defined previously. The maximum accumulation
of damage, unsurprisingly given the mathematical de-
scription of the parameter, occurs at the outer wall, at
the horizontal apex location where the pipe is forming a
corner as it begins to fold on to itself.

Figure 10 compares this FE predicted damage param-
eter against the experimentally observed damage at the
same specific location on the pipe which was noted for
having peak damage parameter values. Observe that the
location of damage observed matches very well with
the predicted peak damage in the FE modelling frame-
work. It is therefore considered as further validation
of both the damage parameter estimation, and the mod-
elling framework as a whole, that a pure prediction made
by modelling has been well-matched against physically
observed evidence.

The models were further interrogated to attempt to
construct a value for the threshold of normalised Cock-
roft and Latham damage which will lead to onset of
cracking damage within the copper. By considering ex-
perimentally observed damage was accumulated some-
where in between the 3 kN and 6 kN applied load, so
consultation of these FE models, at the relevant location,
suggests a normalised Cockroft and Latham parameter
of between 0.25 and 0.35 was the trigger value for the
onset of damage.

5 Flow, pressure drop and head loss theory

In order to assess the fitness for purpose of these pipes
after suffering the level of deformation experimentally
observed and predicted by FE analysis, one must con-
sider the fundamental fluid mechanics, pipe flow, pres-

Figure 10. The normalised Cockroft and Latham damage pa-
rameter used in the FE model shown as a displayed field over the
workpiece, compared to the experimentally observed location of
damage

sure loss and corresponding head loss governing equa-
tions. The flow of the fluid being carried by the pipe
will depend upon a number of parameters, some associ-
ated with the fluid, and some associated with the pipe.
As the fluid parameters will be dependent upon temper-
ature, these calculations are performed for both a cold
water scenario (15◦C) and a hot water scenario (80◦C).
These calculations are initially performed for the nomi-
nal undamaged copper pipe (with perfect circular cross-
section), as well as for the 5 examples of deformed pipe
cross-sections, as simulated and discussed earlier, for 5
differing loads applied.

One can calculate the relative pipe roughness of the
copper pipe using Equation 3, where ε is the character-
istic surface roughness of copper (estimated to be 0.03
mm), and d the pipe diameter[25] .

R =
ε

d
(3)

By making the assumption that the fluid is incompress-
ible, thus we must assume a volumetric flow rate Q is
conserved through the process, whereby, for a volumet-
ric flow rate Q, fluid average velocity v and pipe cross
section A, the following relationship (Equation 4) holds

Q = Av (4)

As A will change as the pipe is being deformed,
so therefore must v change, to maintain a constant Q.
One can calculate the cross-sectional area, assuming that
the deformed pipe is represented by a perfect ellipti-
cal deformed pipe wall, thus one can calculate v. Note
the assumption here that the pipe is deforming as an
ellipse, which is a good approximation for lower ap-
plied loads to deform, although becomes a worse fit at
higher loads. Therefore, one can similarly calculate the
Reynolds value of the water flowing in the pipe, using
Equation 5[26] .

Re =
ρvd

µ
(5)
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Where ρ is the density of water, v is the flow velocity
of the water, and µ is the dynamic viscosity. With cal-
culated values for both the Reynolds value of the mov-
ing fluid, and the relative pipe roughness coefficient, the
Moody chart can be consulted to understand the Darcy
friction factor term of the pipe wall, fD, as it impedes the
flow of the water.

However, when considering the deformed pipe, one
must adapt the simplistic formulae, as this is no longer
the simple circular cross-section pipe case. In order to
calculate relevant properties of the deformed pipe, we
will need characteristic dimensions of this non-circular
pipe. If we assume the deformed pipe has an elliptical
cross section, with a semi-major axis rα and semi-minor
axis rβ , then by using the Ramanujan approximation[27]

(Equation 6) we can calculate the pipe circumference.

C = π

[
3 (rα + rβ) −

√
10rαrβ + 3 (rα2 + rβ2)

]
(6)

In order to calculate the Reynolds value and the rel-
ative pipe roughness we require a pipe diameter to be
known. In the case of a deformed pipe, we will apply
the hydraulic diameter dH , which is defined in Equation
7[28] :

dH = 4
Area

wetted circumference
= 4

πrαrβ
C

(7)

We must then use the hydraulic diameter dH in place
of the diameter d in the equations for effective pipe
roughness, pressure drop and head loss. These equa-
tions also depend upon the Darcy term fD, to calculate
the pressure drop caused by the frictional resistance of
the pipe wall, over a given length (L) of pipe, or to cal-
culate the effective head loss, again over a given length,
using Equation 8 and Equation 9[26] , where g is the grav-
itational acceleration.

∆P

L
= fD

1

dH

ρv2

2
(8)

hloss
L

= fD
1

dH

v2

2g
(9)

The resulting effective circumference, hydraulic di-
ameter, relative pipe roughness, flow velocity, Reynolds
value, Darcy friction factor pressure drop and the equiv-
alent head loss values for the pipe as it has undergone
different applied loads to deform it can be compared to
nominally un-deformed pipe, these values are given in
Table 2 and Table 3. For the calculations performed as
part of this work, the pipe length is assumed to be 1 me-

tre, thus all expressed pressure drops and equivalent head
losses are per metre of damaged, crushed pipe.

The following values are used for cold (15◦C) and
heated (80◦C) water as the fluid of interest. For 15◦C wa-
ter, density ρ = 1000 kgm−3[29] , dynamic viscosity µ =
8.9 x 10−4 Pa.s[30] , and the maximum suggested flow ve-
locity for cold water in a non-deformed pipe is 2.4 ms−1,
which gives a constant volumetric flow for a 15 mm di-
ameter circular pipe of 0.424 x 10−3 m3s−1. For 80◦C
water, density ρ = 970 kgm−3[29] , dynamic viscosity µ =
3.5 x 10−4 Pa.s,[30] and the maximum suggested flow ve-
locity for cold water in a non-deformed pipe is 1.5 ms−1,
which gives a constant volumetric flow for a 15mm di-
ameter circular pipe of 0.265 x 10−3 m3s−1. The as-
sumed elliptical pipe sections used from the experiment
and FE models at different deforming loads were illus-
trated in Figure 3 and Figure 4.

A cold-fluid carrying pipe, with the fluid and pipe wall
held at 15◦C (see Table 2), would see the fluid flow ve-
locity increase slightly as the deformation began, as the
interior cross-section of the pipe was beginning to re-
duce, so the flow velocity increases to maintain the con-
stant volumetric flow rate. As the deformation contin-
ued and the interior cross-sectional area of the pipe be-
came smaller still, the flow velocity does begin to in-
crease substantially. However, the Reynolds number for
the flow remains virtually constant, because it is a func-
tion of both the flow velocity and the characteristic dis-
tance, namely the pipe hydraulic diameter, which is re-
ducing.

The Darcy friction factor, which is determined using
the Moody diagram, remains relativity constant until the
pipe relative roughness increases substantially. This in-
crease is in turn caused by the hydraulic diameter reduc-
ing significantly to less than half its starting value. It then
increases slightly for the highly deformed pipe. Thus, the
pressure loss per unit length of pipe, and the correspond-
ing head loss per unit length of distorted pipe, can be
calculated. As the pressure loss per unit length of pipe is
a function of the Darcy friction factor, the flow velocity
squared, and inversely proportional to the hydraulic di-
ameter, so all terms are working to increase the pressure
as the pipe becomes more and more deformed. The pres-
sure loss per unit length of pipe for an applied load of 2
kN increases to approximately double the pressure loss
for an un-deformed pipe. The pressure loss continues
to increase rapidly, becoming severe at a 2.5 kN applied
load, and is catastrophic at 6 kN applied load. Similarly,
the head loss per unit length of pipe increases such that
it is approximately double that of the un-deformed pipe
when a 2 kN load is applied, but this head loss increases
rapidly for even higher applied loads.
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Table 2. Theoretically calculated pipe flow characteristics for the cold 15◦C pipe, from first principles

At 15℃ Un-deformed

Pipe / Flow Property 0 1.5 2 2.5 3 6
Semi-major axis

(mm)
Semi-minor axis

(mm)
Ramanujan Circumference

 (mm)
Hydraulic diameter

(mm)
Relative pipe roughness

 (-)
Fluid velocity

(m/s)
Reynolds value

(-)
Darcy friction factor

(-)
∆P (per 1m pipe)

(kPa)
hloss (per 1m pipe)

(m)

0.0022 0.0023 0.0027 0.0038 0.0050 0.0100

42.7 42.0 41.2 40.7 40.9 41.2

0.89 1.01 1.91 5.46 14.50 157.80

8.76 9.97 18.80 53.50 142.40 1545.60

0.028 0.028 0.028 0.029 0.033 0.040

44,500 45,300 46,200 46,800 46,500 46,100

2.9 3.1 3.8 5.4 7.1 14.7

13.6 13.2 10.8 7.8 5.8 2.8

6.8 6.0 4.1 2.7 2.0 0.9

Deforming Load (kN)

6.8 7.4 8.6 9.3 9.7 10.2

However, given that the damage caused to a pipe
through some type of pinching or crushing action is usu-
ally across a narrow section of pipe, almost giving rise to
point-damage due to the impact of an external object, so
the actual length of the deformed section of pipe is likely
very short, of the order of a few centimetres in length,
thus the actual pressure drop and head loss over the de-
formed length of pipe is likely scaled accordingly.

Similar trends are shown for the heated pipe (see Ta-
ble 3), in that the method of shaping the deformed pipe
is very similar to the cold pipe, albeit the distortions are
slightly larger for a given applied load, due to the small
reduction in flow stresses at this elevated temperature,
compared to cold. The hydraulic diameter, calculated
from the semi-major and semi-minor lengths, decreases
considerably once a load greater than approximately 1.5
kN is applied. As for the cold pipe, it is the significant
decrease in hydraulic diameter, which is proportional
to the relative roughness term, which causes the major
changes in the Darcy friction factor calculation, which
increases by roughly a third from the un-deformed pipe
value. However, again as with the cold pipe, the fluid
flow velocity increase is the critical parameter which
dictates the catastrophic pressure and head loss per unit

length of deformed pipe.
Figure 11 illustrates the changes calculated in the hy-

draulic diameter of the pipe, and the resulting pressure
drop per unit length of pipe, from the theoretical hand
calculations based upon fluid flow within a contained
pipe, for different deforming loads applied to the pipe,
and at the two different fluid and pipe temperatures. Fig-
ure 11 illustrates clearly the beginning of severe reduc-
tion in hydraulic diameter as the pipe is deforming, as
the theoretically calculated hydraulic diameter suffers a
cliff-edge drop off in between 1.5 and 2 kN applied load.
Figure 11 illustrates the theoretically calculated increase
in pressure drop for increasing deforming load applied to
the pipe. This graph is clearly dominated by the relation-
ship with the velocity squared, such that for the relatively
linear increase seen in fluid velocity when increasing the
applied load from 1.5 kN upwards, the pressure drop in-
creases with a y=f(x2) type response.

6 Conclusions

A finite element modelling framework has been pre-
sented to predict the deformation of 15 mm outer diam-
eter, 0.7 mm wall thickness copper pipes, with tooling
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Table 3. Theoretically calculated pipe flow characteristics for the hot 80◦C pipe, from first principles

At 80℃ Un-deformed

Pipe / Flow Property 0 1.5 2 2.5 3 6
Semi-major axis

(mm)
Semi-minor axis

(mm)
Ramanujan Circumference

 (mm)
Hydraulic diameter

(mm)
Relative pipe roughness

 (-)
Fluid velocity

(m/s)
Reynolds value

(-)
Darcy friction factor

(-)
∆P (per 1m pipe)

(kPa)
hloss (per 1m pipe)

(m)

Deforming Load (kN)

6.8 7.8 9.3 9.7 10.0 10.3

6.8 5.4 2.9 2.0 1.6 0.9

13.6 13.2 8.3 6.0 4.7 2.6

1.8 2 3.1 4.3 5.4 9.6

68,800 70,200 71,300 71,500 71,100 70,200

0.027 0.027 0.028 0.030 0.032 0.039

3.20 4.20 15.30 45.60 97.40 660.00

0.34 0.44 1.61 4.79 10.25 69.15

42.7 41.8 41.2 41.0 41.3 41.8

0.0022 0.0024 0.0036 0.0050 0.0063 0.0110

acting under to apply particular loads to pinch or trap the
pipe. Experimental pipe crushing trials were undertaken
to validate the modelling approach. In addition, theoreti-
cal pipe flow characteristics of the deformed pipes, under
different loads, at two different temperatures have been
calculated. The following conclusions are drawn:

(1) For cold pipes, an applied force of 1.5 kN will
cause an onset of deformation, causing the pipe to begin
to become elliptical. The pipe approaches a state of col-
lapse, whereby the upper wall contacts the lower wall,
and thus a catastrophic loss of integrity, at an applied
load of 6 kN.

(2) Whereas for pipes at 80◦C, an applied force of 1.25
kN causes the onset of plastic deformation. However,
the reduction in required force compared to the cold pipe
remains at approximately the same value of 1

4
kN lower,

thus the heated pipe requires approximately 51
2

to 5 3
4

kN
deforming load to achieve the same form of collapse as
seen in the cold pipe.

(3) The flow of fluid through the piping remains at ap-
proximately the same Reynolds value throughout. How-
ever, as the pipe deforms, the hydraulic diameter reduces,
the required flow velocity increases, and as such the pres-

sure loss per unit length of pipe, and head loss per unit
length, increase with a y = f (x2) type response.

(4) The elliptical deformation of the pipes holds rea-
sonably true until a deforming load of 2kN, whereby the
top and bottom apex inversion within the deforming pipe
becomes substantial compared to the semi-minor axis.

(5) The normalised Cockroft and Latham damage pa-
rameter predicted with reasonable accuracy the location
of damage observed experimentally on the copper pipe,
and an approximate value to initiate macro-scale damage
has been estimated as 0.25-0.35.
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Figure 11. (A) graph showing the theoretically calculated hydraulic diameter, and (B) graph showing the theoretically calculated
Pressure drop, for differing applied loads
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